Microstructure-sensitive design is performed using a newly developed Multiscale Complex Step Method. Algorithmic implementation of the complex-step method is based on conventional multiscale Taylor or FE2 direct model, with the difference being that the microstructural deformation gradient is modeled as a complex number with a small imaginary component. We introduce methods to calculate derivatives of microstructural fields with respect to loading parameters. The sensitivities are used to identify optimal microstructures with desired elastic and plastic properties.
INTRODUCTION
Design of materials with optimal property distributions is important to address the critical performance needs of hardware components in aerospace, naval and automotive applications. In metallic materials, properties can be tailored by controlling the evolution of features of underlying polycrystalline microstructures through controlled plastic deformation. Simulation of microstructure evolution in polycrystals has been well studied in the past. Many of the related works apply the Taylor-type (e.g. for a review see Kocks et al. [1] ) or finite element homogenization [2] [3] [4] [5] methods that link the kinematics of the macro-and microscopic scales. The success of such approaches has allowed us to efficiently compute the effect of macroscopic parameters (such as strain rates) on the microstructural response. Microstructuresensitive design methods employ these techniques to address inverse/optimization problems such as: computation of optimal crystal orientation distributions that lead to desired elasto-plastic properties (Adams et al. [6] , Kalidindi et al. [7] ), identification of processing paths that lead to optimal microstructures using spectral (Li et al. [8] ) or finite element representations (Sundararaghavan and Zabaras [9] [10] . Many of these methods involve gradient optimization, where the derivative of the objective function with respect to macro-scale design variables is needed to iterate for the best solution. This involves a sensitivity analysis procedure to compute changes in microstructure sensitive properties (such as elastic modulus and yield strength) due to infinitesimal changes in design variables (such as macroscopic strain rates and deformation modes).
In choosing a computational approach for finding sensitivities, one is mainly concerned with its accuracy, computational expense and ease of implementation. Computational expense is all the more important in multiscale design problems where a large number of degrees of freedom (at the macro-and microscales) are handled. One method that is very commonly used is finite differencing. In this approach, the two different problems with small changes in a process variable are executed and the difference in microscale property is used as a measure of sensitivity. The approach is is not known for being accurate (due to cancellation errors) or computationally efficient (due to the need to solve two non-linear problems for each sensitivity). Direct differentiation methods, such as the continuum sensitivity analysis, developed in Badrinarayanan and Zabaras [11] , overcome the issues associated with finite differencing. In the continuum sensitivity approach, the sensitivities were obtained by differentiating the governing equations and then by discretizing and solving the re-sulting equations. The approach is several times faster than finite differencing due to the use of linearized sensitivity equations and is thus ideal for large multiscale problems (in Ref. [12] ). However, the ease of implementation is low and the method needs significant additions to the source code.
In this paper, a new computational materials design technique based on the complex-step method is presented. The approach involves perturbation of macroscopic design variables with a small imaginary component. In the computational implementation, the original multiscale program is mostly unchanged while all integer and floating point declarations are converted to complex number declarations. The most significant advantage is that cancellation errors that occur in finite differencing schemes do not occur in the complex step method. This enables the use of the complex step approach in problems involving remeshing and discontinuities (eg. contact/impact problems) with minimal changes to the source code. One important assumption is that the function whose derivative is calculated must be a real valued function, i.e. the domain and codomain of the function must be real values. This is true for most computational material science problems (eg. thermal, mechanical, diffusion related properties) but for certain others (eg. electromagnetic impedance design) the approach may not apply.
Complex step method originated with the work of Lyness [13, 14] and has been more recently used for sensitivity analysis in computational fluid dynamics problems by Martins [15] . In the present paper, we propose the use of the approach to computational materials design problems. We address the problem of controlling elasto-plastic properties in polycrystalline microstructures using an already available polycrystal plasticity code [12] . Here, the evolution of the crystal orientations during deformation is modelled using continuum representation of texture [16, 17] and incorporates crystal elasto-plasticity through the constitutive equations of Anand and Kothari [18] . For the purpose of demonstration, the numerical examples are performed at a material point with few hundred degrees of freedom. The derivatives are directly compared to the finite difference method. The efficiency of the approach would enable future applications in solving large multiscale design problems.
Derivation of the Complex step method for obtaining the derivatives
The complex step method is based on the perturbation of a function using a small arbitrary complex step, thereby obtaining the sensitivity as the imaginary part of the function value obtained. If f is an analytic function of z , then the Taylor series of f in the complex domain can be written as
Now, considering that z = x + 0i, i.e. considering that the domain is real, we can write,
Equating the real and imaginary parts of the Eq. 2,
where HOT stands for the higher order terms in the expansion.
However, when the value of h is chosen to be sufficiently low , the HOT can be neglected. Hence we obtain the following relations for arbitrarily small h.
One of the main advantages of this method is that one single evaluation of the function is required in order to find the function value as well as the derivative of the function with respect to a variable. The real part of the function obtained with a small complex perturbation does not vary much when compared to the value of the function without such a perturbation. Hence, for an arbitrarily small complex perturbation of a variable, the real part can be assumed to represent the function value evaluated at the real value of the variable comsidered. Hence, the amount of computation is reduced by significant amount when comparing the derivative obtained from a finite differencing scheme (which needs two function evaluations in order to obtain the derivative). Care has to be taken during the implementation of the complex step method while dealing with functions which have discontinuities. In particular, two functions were modified in the implementation of the complex step method for the polycrystal optimization problem.
abs -The absolute function is modified as follows.
signum -The signum function is modified as follows.
COMPLEX STEP METHOD FOR MICROSTRUCTURE-SENSITIVE DESIGN
A problem of interest to manufacturing engineers is to identify improved processing parameters that would closely achieve desired properties in materials. We define the design problem of interest as identification of the right combination of process modes such as tension (drawing), plane strain tension/compression (rolling), shear and rotation, and the corresponding strain rates α that would lead to a desired property that is a function of the given microstructure. 
Each of the matrices in Eq. (7) specify a particular type of loading/deformation process. For example, the first matrix represents uniaxial tension/compression ( depending on the sign of α 1 ), the second matrix represents plane strain tension/compression. The 3 rd ,4 th and 5 th matrices represent shear modes, while the last three matrices represent rotation modes.
The macroscopic deformation gradient at time step t + 1 (F) can be computed using an exponential map (F = exp(Lt)). Alternatively, for small strain increments used in this work, an Euler approximation is employed as,
Computational scheme for computing microstructural response using this applied deformation gradient is described next.
Microstructure Evolution Direct Problem
A rate-independent Taylor model of the single-crystal plasticity model developed in Kothari and Anand [ is used to compute the effect of macroscopic strain on the polycrystal. In the Taylor model it is assumed that all crystals are subjected to the same macroscopic deformation gradient. To compute the stress in each crystal due to this deformation gradient, we shall employ the (now) classical single-crystal plasticity theory (e.g., [19] [20] [21] [22] [23] [24] [25] [26] [27] ) based on the notion that plastic flow takes place through slip on prescribed slip systems.
For a material with α = 1, . . . , N slip systems defined by ortho-normal vector pairs (m α ,n α ) denoting the slip direction and slip plane normal respectively, the constitutive equations relate the following basic fields: the deformation gradient F which can be decomposed into elastic and plastic parts as F = F e F p , the Cauchy stress T (= 1 det F r P r F T r ) and the slip resistances s α > 0. In the constitutive equations (intended to characterize small elastic strains) to be defined below, the Green elastic strain measurẽ
defined on the relaxed configuration (plastically deformed, unstressed configuration) is utilized. The conjugate stress measure is then defined asT = detF e (F e ) −1 T (F e ) −T where T is the Cauchy stress for the crystal in the sample reference frame.
The constitutive relation, for stress, is given byT
where L e is the fourth-order anisotropic elasticity tensor. It is assumed that deformation takes place through dislocation glide and the evolution of the plastic flow is given by
where S α 0 = m α ⊗ n α is the Schmid tensor andγ α is the plastic shearing rate on the α th slip system. The resolved stress on the α th slip system is given by τ α =T · S α 0 . The resolved shear stress τ α attains a critical value s α on the systems where slip occurs (γ α > 0). Further, the resolved shear stress does not exceed s α on the inactive systems withγ α = 0. The hardening law for the slip resistance s α is taken as,
3.2 Direct and Sensitivity analysis of texture evolution During deformation, the crystals in the microstructure reorient and this leads to changes in material properties. Orientation distribution function (ODF) [1] , the probability density function for orientations, is employed for the quantification of such changes in crystallographic texture. We employ the axis-angle parametrization of the orientation space proposed by Rodrigues [16] . The Rodrigues' parametrization is created by scaling the axis of rotation n as r = ntan( 
The fundamental region represents a region of the orientation space such that each crystal orientation is represented uniquely within the space. Fundamental region for the cubic symmetry group used in this paper is a truncated cube (as shown later in the numerical examples to quantify texturing). If the orientationdependent property for a single crystal χ(r,t) is known, any polycrystal property can be expressed as an expectation value or average given by:
Texture Evolution Direct Analysis: For computing texture evolution during deformation, the reorientation velocity is found as follows (with r being the Rodrigues parametrization of crystal rotation -Refer [16] ):
where r is the orientation (Rodrigues' parametrization) and ω represents the spin vector defined as
where R e is evaluated through the polar decomposition of the elastic deformation gradient F e as
Considering the Euler approximation ofṘ e R eT = Ω, where Ω is the spin tensor, leads to the following (alternatively matrix exponential R e = exp(Ωt) could be used):
From the elastic deformation gradients, R e n+1 and R e n are evaluated and one can evaluate the spin tensor Ω using Eq. (16) and then the re-orientation velocity from Eq. (13).
Texture Evolution: Sensitivity analysis:
Once ⋆ F e n+1 has been evaluated from the previous sub-sections, ⋆ R e n+1 is obtained from complex step analysis of the polar decomposition function. Sensitivities of spin vector and the spin tensor are obtained as:
Consider the re-orientation velocity defined in Eq. (13) . The following equation results in the sensitivity of the re-orientation velocity:
DEFINITION OF THE GRADIENT OPTIMIZATION PROBLEM
Using the computed sensitivity fields, one can evaluate the gradients of any microstructure-dependent property ⟨χ⟩ with respect to the components of a design vector α of size m . The gradient is represented as ∇⟨χ⟩ =
where
The objective function for the gradient optimization problem where it is desirable to obtain a set of properties ⟨χ⟩ desired can be defined as follows:
where N is the total number of sampling points (for e.g. Young's moduli along different loading directions) and ⟨χ⟩ i defines the property computed at the i th sampling point. Alternately, the objective function can be expressed in vector notation as
where ∆⟨χ⟩ = ⟨χ⟩(α) − ⟨χ⟩ desired . An iterative approach is followed to solve for α which would give the desired property. Let α r be the solution at the r th optimization iteration step. The descent direction d r of F(α) can be computed from Eq. (22) as
where the sensitivity matrix S α of ⟨χ⟩ is defined as S α ≡ ∂ ⟨χ⟩/∂ α. S α is of the order N × m, where N is the dimension of ⟨χ⟩ (number of sampling points) and m is the dimension of the design vector α. After each iteration, the design parameters are updated as follows:
where the optimal scalar δ r is computed from a line search procedure. The iterative process is repeated until the prescribed convergence criterion is satisfied.
NUMERICAL EXAMPLES
The slip system hardening model used in the examples is given as:
where h β is a single slip hardening rate, q is the latent-hardening ratio and δ αβ is the Kronecker delta function. The parameter q is taken to be 1.0 for coplanar slip systems and 1.4 for non-coplanar slip systems. For the single-slip hardening rate, the following specific form is adopted: 
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FIGURE 1.
Comparison of results of current model with those in Anand and Kothari [18] The parameter sensitivities in the design problem, as discussed later, are computed with respect to a perturbation of 10 −7 units to the design parameters.
Example 1:Comparison of complex step method
Vs finite difference method with respect to discretization size. The first example shows the advantage of the complex step method as to obtain the proper derivative value for any arbitrarily small discretization. In this example, the deformation gradient is given small perturbations in decreasing orders of magnitude (i.e. from 10 −4 to 10 −10 ) and the convergence of the derivative obtained is plotted in Fig. 2 (difference between the value of derivative for discretization using two consecutive powers of 10). A similar procedure is followed for obtaining the derivative using the complex step method, and the results are compared. The function whose derivative is evaluated is the stress following 2.5 seconds of unidirectional compression at a strain rate of 0.001 s −1 . The result shows the considerable advantage of complex step method over a finite differencing approach. In finite differencing, the derivative computed never converges with respect to the perturbation magnitude due to cancellation errors. On the other hand, the result shows that the derivative computed by the complex step method converges and is relatively independent of the magnitude of perturbation provided the perturbation is small. 
Example 2:
Comparison of ODF sensitivities obtained using complex step method with those obtained using finite difference method This example shows the comparison of the sensitivities obtained using the complex step method versus the sensitivities obtained using the finite difference method. The data is taken at a perturbation of 10 −7 where finite differencing errors are minimal. The plots are obtained for a plane strain compression process at a strain rate of 0.001 for 12.5 seconds. The comparison of the sensitivities of the ODFs are shown in Fig. 3 . It can be seen that the sensitivities of the ODF obtained using the complex step method compares quite well with those obtained using the finite difference method.
For computing sensitivities using the finite differencing approach, the required simulation time (wall clock time) was twice (2x) that of a single direct problem. Total time taken to compute sensitivities using the complex step method was 1.26 times the time needed by the direct problem that did not have complex operations. This additional time is the performance penalty associated with conversion of all integer and floating point operations to complex arithmetic.
In rest of the design examples, sensitivities are computed with a perturbation of 
The response was computed for a total time of 11 seconds with a varying time step which is scaled as the value of α changes to maintain computational accuracy. The desired response is shown in Fig. 4 . The initial strain rates were taken to be -0.001 sec −1 for both processes. The required stresses at times of 0.3, 3, 7 and 11 seconds were taken as 54.8, 84.8, 126 and 156 MPa. The final strain rates for achieving the stresses were identified as α 1 = −0.00217sec −1 and α 8 = −0.00446sec −1 . The plots of convergence of the objective function are shown in Fig. 4 . Convergence was achieved with 8 iterations and the objective function shows smooth decrease with respect to design iterations showcasing the efficiency of the complex step method in computing accurate sensitivities.
Example 4: Optimization of Young's Modulus
In this example, the optimization of the Young's Modulus is performed so as to obtain a desired variation with respect to the rolling direction as shown in Fig. 5 . To compute the Young's moduli, the polycrystal stiffness, ⟨C⟩, is first computed through a weighted average (over A ) of the stiffness of individual crystals expressed in the sample reference frame. The elastic modulus is then computed through this polycrystal stiffness as 
CONCLUSIONS
Complex step method is a new technique for computational materials design. The approach is motivated by its surprising simplicity and ease of implementation. The approach involves perturbation of macroscopic design variables with a small imaginary component. In the computational implementation, the original multiscale program is mostly unchanged while all integer and floating point declarations are converted to complex number declarations. The sensitivities computed by the complex step method do not depend on the amount of perturbation applied given that the perturbation is sufficiently small. This is a significant advantage over finite differencing methods where such convergence is not seen. The technique is applied to identify optimal strain rates in single and two-stage processes (with intermediate unloading stage) that would lead to a desired microstructure response. The algorithm is computationally efficient and is found to converge to the desired response within a few iterations. Work presented here was focused on the material point problem of controlling microstructures to obtain desired response. In the future, the present analysis will be linked to a continuum model and complex step-based techniques will be extended in a multiscale framework to control macro-parameters to achieve desired property distribution in the final product. In this paper, certain special algorithmic treatments to model discontinuous functions that arise in polycrystal plasticity were indicated. The approach needs to be further studied for problems involving remeshing and discontinuities (eg. contact/impact problems, phase change, chemical reactions) where further changes to the algorithm may be warranted.
